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C a l c u l a t i o n s  of Ref lec ted  and Transmi t ted  Radiance 
f o r  E a r t h ' s  Atmosphere 
GILBERT N .  PLASS and GEORGE W .  KATTAWAR 
A b s t r a c t  
The r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  of t h e  e a r t h ' s  atmosphere i s  
c a l c u l a t e d  by Monte C a r l o  techniques .  The e x a c t  s c a t t e r i n g  f u n c t i o n  
f o r  t h e  a e r o s o l s  is  used as c a l c u l a t e d  from t h e  Mie t h e o r y .  
v s .  h e i g h t  d i s t r i b u t i o n s  proposed by El terman and by Kondrat iev e t  a1 
are  compared. The Rayleigh and a e r o s o l  s c a t t e r i n g  e v e n t s  a re  inc luded  
in t h e  c a l c u l a t i o n ,  as  w e l l  a s  t h e  ozone a b s o r p t i o n ,  where a p p r o p r i a t e .  
R e s u l t s  are  g iven  a t  wavelengths of 0.27, 0 .3 ,  0 . 4 ,  0 .7 ,  and 1 . 6 7 ~ .  
The mean o p t i c a l  p a t h s  of  t h e  r e f l e c t e d  and t r a n s m i t t e d  photons,  t h e  f l u x  
a t  t h e  lower boundary, and t h e  p l a n e t a r y  a l b e d o  a r e  t a b u l a t e d .  
The a e r o s o l  
G i l b e r t  N .  P l a s s  i s  with t h e  Southwest Center  f o r  Advanced S t u d i e s ,  
P .  0.  Box 30365, Dallas, Texas 75230. George W .  Kattawar i s  wi th  
North Texas S t a t e  U n i v e r s i t y ,  Denton, Texas 76203. 
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I n t r o d u c t i o n  
The r a d i a n c e  of t h e  e a r t h ' s  atmosphere i s  determined by t h e  m u l t i p l e  
s c a t t e r i n g  of photons from the  a e r o s o l s  and molecules  i n  t h e  atmosphere 
and by t h e  r e f l e c t i o n  p r o p e r t i e s  of  t h e  ground. C a l c u l a t i o n s  have p r e v i o u s l y  
been made f o r  a n  atmosphere wi th  only  Rayle igh  s c a t t e r i n g  and t h e  ground 
r e p r e s e n t e d  by a Lambert ' s  s u r f a c e ;  t h e  r e s u l t s  have been p u b l i s h e d  i n  
an  ex t remely  u s e f u l  s e t  of  t a b l e s ' .  Others  have a t tempted  t o  i n c l u d e  
t h e  e f f ec t  of a e r o s o l s  whose s c a t t e r i n g  f u n c t i o n  h a s  a s t r o n g  forward 
maximum. 
s c a t t e r i n g  f u n c t i o n  ( F e i g e l s o n  e t  a12) or a n  approximation t o  t h e  c o n t r i -  
b u t i o n s  from m u l t i p l e  s c a t t e r i n g  ( F r a s e r 3 ) .  
Up t o  t h e  p r e s e n t  t h e s e  c a l c u l a t i o n s  have e i t h e r  used a n  approximate 
With t h e  Monte C a r l o  method f o r  f o l l o w i n g  t h e  p a t h  of a m u l t i p l e  
s c a t t e r e d  photon,  it is  p o s s i b l e  both  t o  u s e  t h e  e x a c t  a e r o s o l  s c a t t e r i n g  
f u n c t i o n  c a l c u l a t e d  from Mie t n e o r y  and t o  o b t a i n  tile c o n t r i b u t i o n  
through any d e s i r e d  o r d e r  of s c a t t e r i n g .  
i n  t h e  r e s u l t  can be h e l d  t o  a c c e p t a b l e  l e v e l s  by f o l l o w i n g  a s u f f i c i e n t  
number of photon h i s t o r i e s .  
h a s  been d e s c r i b e d  i n  d e t a i l  i n  t h e  l i t e r a t u r e 4 .  
Monte C a r l o  method h a s  been a p p l i e d  t o  t h e  r ea l  atmosphere a t  a wavelength 
of 0.551-1 by C o l l i n s  e t  a15. 
i n c l u d e  p o l a r i z a t i o n  effects .  
w i t h  a Monte C a r l o  method using t h e  S tokes  v e c t o r s  i n d i c a t e s  t h a t  t h e  
i n t e n s i t i e s  are  n e a r l y  t h e  same a s  i n  t h e  l i n e a r  t h e o r y  when Mie 
s c a t t e r i n g  i s  impor tan t .  
The s t a t i s t i c a l  f l u c t u a t i o n s  
The Monte C a r l o  method which w e  u s e  h e r e  
A somewhat d i f f e r e n t  
The c a l c u l a t i o n s  r e p o r t e d  h e r e  do n o t  
However, p r e l i m i n a r y  c a l c u l a t i o n s  
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Method 
A t  each wavelength t h e  Rayleigh a t t e n u a t i o n  c o e f f i c i e n t  and ozone 
a b s o r p t i o n  c o e f f i c i e n t  as a f u n c t i o n  of h e i g h t  are  t a k e n  from t h e  
t a b l e s  compiled by El terman6 (p.7-14 t o  7 -35) .  
number d e n s i t y  d i s t r i b u t i o n s  w i t h  h e i g h t  are  used:  (1) E l t e r m a n ' s  
d i s t r i b u t i o n  as g i v e n  on p .  7-2 o f  r e f e r e n c e  6 ;  ( 2 )  Kondrat iev e t  a l ' s  
d i s t r i b u t i o n  as g i v e n  i n  Fig.  1 6  of  r e f e r e n c e  7 .  The main d i f f e r e n c e s  
between t h e s e  d i s t r i b u t i o n s  is t h a t  E l t e r m a n ' s  has  more a e r o s o l s  i n  
t h e  lowes t  2 km of  t h e  atmosphere and Kondra t iev ' s  has  more a e r o s o l s  
a t  a l l  a l t i t u d e s  above 6 km. A t  a l l  a l t i t u d e s  above 9 km K o n d r a t i e v ' s  
d i s t r i b u t i o n  has  a t  least  1 0  times a s  many a e r o s o l s  as E l t e r m a n ' s  
and a t  some a l t i t u d e s  has  20  t i m e s  as many. 
Two d i f f e r e n t  a e r o s o l  
The a e r o s o l s  are r e p r e s e n t e d  by t h e  Haze C model proposed by 
Deirmendjian'.  
0 . 0 3  < r < 0.111 and i s  p r o p o r t i o n a l  t o  r-4 f o r  r > 0 . 1  p ,  where r i s  t h e  
a e r o s o l  r a d i u s .  The s c a t t e r i n g  f u n c t i o n  f o r  t h i s  d i s t r i b u t i o n  of 
s p h e r i c a l  p a r t i c l e s  was c a l c u l a t e d  e x a c t l y  from t h e  Mie t h e o r y 9  f o r  t h e  
wavelengths  used i n  t h i s  c a l c u l a t i o n .  The s c a t t e r i n g  f u n c t i o n  i s  shown 
i n  F i g .  1. The i n s e t  i n  t h e  upper  l e f t  p o r t i o n  of t h e  f i g u r e  shows 
t h e  s c a t t e r i n g  f u n c t i o n  near  Oo. 
c o l l i s i o n s  i s  chosen from t h i s  d i s t r i b u t i o n .  From t h e s e  r e s u l t s  t h e  
a e r o s o l  a t t e n u a t i o n  l e n g t h  as  a f u n c t i o n  of a l t i t u d e  is c a l c u l a t e d  
f o r  b o t h  t h e  Elterman and Kondratiev a e r o s o l  d i s t r i b u t i o n s .  
The number d e n s i t y  i n  t h i s  model is  c o n s t a n t  for 
The s c a t t e r i n g  a n g l e  f o r  a l l  a e r o s o l  
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The t o t a l  o p t i c a l  t h i ckness  of t h e  atmosphere is  c a l c u l a t e d  from 
t h e  Rayle igh  and a e r o s o l  a t t e n u a t i o n  c o e f f i c i e n t s  and t h e  ozone a b s o r p t i o n  
c o e f f i c i e n t .  The atmosphere is d iv ided  i n t o  a number of l a y e r s  and t h e  
r a t i o  of t h e  Rayle igh  e x t i n c t i o n  t o  t o t a l  c r o s s  s e c t i o n s  and t h e  
s c a t t e r i n g  t o  e x t i n c t i o n  c r o s s  s e c t i o n  f o r  bo th  t h e  Mie and Rayleigh 
p a r t i c l e s  i s  e s t a b l i s h e d  i n  each l a y e r .  The p r o b a b i l i t y  of ozone a b s o r p t i o n  
i s  a l s o  c a l c u l a t e d  from t h e  ozone a b s o r p t i o n  c o e f f i c i e n t  f o r  each l a y e r .  
All c a l c u l a t i o n s  a r e  done with t h e  o p t i c a l  dep th  as t h e  parameter .  
Input  d a t a  g iven  as a func t ion  of a l t i t u d e  is  changed t o  o p t i c a l  depth  
as t h e  parameter  f o r  u se  i n  t h e  program. 
Radiance a t  0.7 P 
The r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  a t  t h e  t o p  and bottom 
r e s p e c t i v e l y  of t h e  atmosphere a t  0 . 7 ~  i s  shown i n  F i g .  2 as a f u n c t i o n  
of t h e  c o s i n e  of t h e  z e n i t h  ang le  (p). 
a n g l e  ( u  ) is -1 (sun  a t  t h e  z e n i t h )  f o r  t h i s  f i g u r e .  Curves a r e  shown 
f o r  v a r i o u s  s u r f a c e  a lbedos  A .  A Lambert s u r f a c e  is assumed t o  r e p r e s e n t  
t h e  ground. 
The c o s i n e  of t h e  solar z e n i t h  
0 
The r a d i a n c e  c a l c u l a t e d  f o r  t h e  Kondrat iev e t  a17 and Elterman6 
a e r o s o l  d i s t r i b u t i o n s  are compared f o r  A = 0 and 1. The d i f f e r e n c e s  
between t h e s e  two d i s t r i b u t i o n s  are q u i t e  s m a l l  and may l a r g e l y  be 
s t a t i s t i c a l  f l u c t u a t i o n s  i n  t h e  r e s u l t s .  The d i f f e r e n c e s  are a l s o  
small €or i n t e r m e d i a t e  va lues  of  t h e  a lbedo .  The o p t i c a l  depth  T of 
t h e  atmosphere was chosen t o  be 0.1433 f o r  bo th  d i s t r i b u t i o n s  i n  o r d e r  
t h a t  t h e  e f f e c t  o f  a e r o s o l  v a r i a t i o n s  wi th  h e i g h t  on t h e  r a d i a n c e s  
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could  be s t u d i e d  f o r  t h e  same v a l u e  of  T .  Th is  i s  t h e  T v a l u e  
computed f o r  t h e  Kondrat iev e t  a17 d i s t r i b u t i o n  w i t h o u t  ozone a b s o r p t i o n .  
The cor responding  v a l u e  for t h e  El terman d i s t r i b u t i o n  i s  T = 0.1836 
( T  0.217 w i t h  ozone a b s o r p t i o n ) .  The El terman d i s t r i b u t i o n  was 
a r b i t r a r i l y  t e r m i n a t e d  a t  T 0.1433 n e a r  t h e  ground f o r  t h i s  comparison. 
S e p a r a t e  r u n s  w i t h  and without t h e  ozone a b s o r p t i o n  showed t h a t  it w a s  
s u f f i c i e n t l y  small  t o  have no a p p r e c i a b l e  e f f e c t  on t h e  r a d i a n c e  a t  
t h i s  wavelength.  
I n  o r d e r  t o  f u r t h e r  compare t h e  two a e r o s o l  d i s t r i b u t i o n s ,  t h e  
upward and downward r a d i a n c e  was computed a t  s e v e r a l  d i f f e r e n t  h e i g h t s  
i n  t h e  atmosphere corresponding t o  T = 0 ,  0.005, 0 . 0 1 ,  0 . 0 2 ,  0 . 0 5 ,  
and 0.1433 ( T  = 0 corresponds t o  t h e  t o p  of  t h e  atmosphere and 0.1433 
t o  t h e  bot tom).  The r e s u l t s  are  shown i n  F i g .  3.  The upward r a d i a n c e  
i s  for  A = 0 and t h e  downward r a d i a n c e  i s  f o r  A = 0.4  as perhaps  
t h e s e  v a l u e s  b e s t  i l l u s t r a t e  t h e  d i f f e r e n c e s  i n  t h e s e  a e r o s o l  d i s t r i b u t i o n s .  
The upward r a d i a n c e s  show t h e  g r e a t e s t  d i f f e r e n c e s  between t h e  two 
d i s t r i b u t i o n s  a t  T = 0.05  and 0 . 0 2  w i t h  t h e  Kondrat iev d i s t r i b u t i o n  
always showing t h e  l a r g e r  r a d i a n c e  v a l u e s .  This  i s  because more 
photons r e a c h  t h e  lower l e v e l s  of t h e  atmosphere through numerous small 
a n g l e  forward s c a t t e r i n g  events  from t h e  a e r o s o l s  w i t h  t h e  Kondrat iev 
d i s t r i b u t i o n  because o f  i t s  g r e a t e r  a e r o s o l  number a t  t h e  h i g h e r  a l t i t u d e s .  
Some of t h e s e  photons are then s c a t t e r e d  upward t o  c o n t r i b u t e  t o  t h e  
upward r a d i a n c e .  
The downward r a d i a n c e s  f o r  A = 0 . 4  are always c o n s i d e r a b l y  l a r g e r  
f o r  t h e  Kondrat iev d i s t r i b u t i o n  t h a n  for t h e  El terman d i s t r i b u t i o n  near  
1.1 = 1 ( e x c e p t  a t  t h e  lower s u r f a c e ) .  T h i s  shows c l e a r l y  t h e  c o n t r i b u t i o n  
I from s t r o n g  forward  s c a t t e r i n g  of t h e  a d d i t i o n a l  a e r o s o l s  f o r  t h e  
h 
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Kondrat iev d i s t r i b u t i o n .  A t  o t h e r  a n g l e s  t h e  downward r a d i a n c e  i s  i n  
g e n e r a l  l e s s  for the Kondratiev d i s t r i b u t i o n  a t  t h e  h i g h e r  a l t i t u d e s .  
It  should  b e  remembered t h a t  t h e  same T v a l u e s  cor respond i n  g e n e r a l  
t o  d i f f e r e n t  a l t i t u d e s  f o r  d i f f e r e n t  a e r o s o l  d i s t r i b u t i o n s .  
a l t h o u g h  d i f f e r e n t  a e r o s o l  d i s t r i b u t i o n s  can i n f l u e n c e  t h e  r a d i a n c e  
a t  i n t e r m e d i a t e  h e i g h t s  i n  t h e  a tmosphere,  t h e y  seem t o  g i v e  n e a r l y  
t h e  same r e s u l t s  a t  t h e  t o p  and bottom of  t h e  atmosphere,  p rovided  
o n l y  t h a t  t h e  t o t a l  o p t i c a l  t h i c k n e s s  i s  t h e  same. 
Thus, 
The c u r v e s  f o r  t h e  r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  f o r  t h e  
e n t i r e  atmosphere t h a t  are given i n  F i g .  2 are  a combinat ion of  t h e  
t y p i c a l  c u r v e s  f o r  t h e  Rayleigh and t h e  Haze C s c a t t e r i n g  f u n c t i o n .  lo  
I n  p a r t i c u l a r  t h e  t r a n s m i t t e d  r a d i a n c e  f o r  a Rayleigh s c a t t e r i n g  f u n c t i o n  
never  r ises a t  t h e  z e n i t h ;  it i s  seen  from Fig .  2 t h a t  t h e  a c t u a l  
r a d i a n c e  i n c r e a s e s  a t  t h e  z e n i t h  because of t h e  a e r o s o l  s c a t t e r i n g .  
The r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  f o r  1-1 = - 0 . 1  i s  g i v e n  i n  
0 
F i g .  4.  The marked asymmetrical  shape of t h e  r e f l e c t e d  r a d i a n c e  
CIIIYll17h0 L U L I L U  U Y V U L  3 ~ n l l +  +. - A 1 -..----..-- : n a ; ~ a t e c  +hp i m p n v t a n t  contribution from a e r o s o l  
s c a t t e r i n g  and can n o t  be expluined by pure Rayleigh s c a t t e r i n g .  An 
impor tan t  parameter  i s  t h e  r a t i o  of  t h e  maximum v a l u e  ( a t  11 = 0 on 
s o l a r  h o r i z o n )  t o  t h e  minimum v a l u e  ( n e a r  t h e  z e n i t h  toward a n t i s o l a r  
h o r i z o n )  of t h e  r e f l e c t e d  r a d i a n c e .  This  r a t i o  i s  approximate ly  20 
and 500 f o r  Rayle igh  and Haze C s c a t t e r i n g  f u n c t i o n s  r e s p e c t i v e l y . 1 °  
The r a t i o  f o r  t h e  e a r t h ' s  atmosphere as  shown i n  F i g .  4 i s  36 which 
shows t h e  c o n t r i b u t i o n  from both  s c a t t e r i n g  f u n c t i o n s .  
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Radiance a t  0 . 4  p 
A t  a wavelength of 0 . 4 u t h e  Rayleigh s c a t t e r i n g  i s  more impor tan t  
t h a n  t h e  a e r o s o l  s c a t t e r i n g  a t  a l l  a l t i t u d e s  above 2 km. 
l a t e d  r a d i a n c e s  are  shown i n  F i g .  5 f o r  uo = -1. 
of t h e  atmosphere is 0.577. The El terman a e r o s o l  d i s t r i b u t i o n  is used 
i n  t h i s  and a l l  t h e  fo l lowing  c a l c u l a t i o n s  r e p o r t e d  h e r e .  The r e f l e c t e d  
r a d i a n c e  i s  now more n e a r l y  the curve  f o r  p u r e  Rayleigh s c a t t e r i n g ,  
a l t h o u g h  s t i l l  modif ied by the  a e r o s o l  s c a t t e r i n g .  The v a r i a t i o n  from 
z e n i t h  t o  hor izon  f o r  A = 0 is much less a t  0.41.1 t h a n  a t  0.711. The 
t r a n s m i t t e d  r a d i a n c e  v a r i e s  near t h e  hor izon  as  would be expected f o r  
t h e  Rayleigh s c a t t e r i n g  f u n c t i o n ,  bu t  a l s o  shows t h e  c h a r a c t e r i s t i c  
i n c r e a s e  due t o  a e r o s o l  s c a t t e r i n g  n e a r  t h e  i n c i d e n t  d i r e c t i o n .  
The c a l c u -  
The o p t i c a l  depth  
The r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  f o r  h = 0.41-1 i s  shown i n  
F i g .  6 .  The r e f l e c t e d  r a d i a n c e  f o r  A = 1 i n c r e a s e s  from t h e  n a d i r  t o  
t h e  a n t i s o l a r  h o r i z o n . 1 °  
r o l e  i n  de te rmining  t h e  r a d i a n c e .  
s p h e r e  i s  n e a r l y  c o n s t a n t  f r o m  one hor izon  t o  t h e  o t h e r  ( c h a r a c t e r i s t i c  
of Rayleigh s c a t t e r i n g )  w i t h  a s l i g h t  p e r t u r b a t i o n  which produces a 
weak maximum around p = 0 . 3  on t h e  s o l a r  h o r i z o n  and around 0 . 2  on 
t h e  a n t i s o l a r  h o r i z o n  and a weak minimum n e a r  t h e  z e n i t h .  This  v a r i a t i o n  
is  c h a r a c t e r i s t i c  o f  t h e  t r a n s m i t t e d  r a d i a n c e  for t h e  Haze C model” and 
is  t h e  c o n t r i b u t i o n  from t h e  r e l a t i v e l y  small number of  a e r o s o l s .  
Thus t h e  a e r o s o l  s c a t t e r i n g  h a s  only  a minor 
The t r a n s m i t t e d  r a d i a n c e  of t h e  atmo- 
Radiance a t  0 . 3  p 
A t  0 . 3 ~  t h e  ozone a b s o r p t i o n  i s  s i g n i f i c a n t .  The ozone a b s o r p t i o n  
c o e f f i c i e n t  i s  l a r g e r  t h a n  e i t h e r  t h e  Rayleigh or a e r o s o l  a t t e n u a t i o n  
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c o e f f i c i e n t  a t  a l l  a l t i t u d e s  from 1 0  t o  50 km. The v a l u e s  f o r  t h e  ozone 
a b s o r p t i o n  c o e f f i c i e n t  were taken  from E l t e rman ' s  t a b l e s 6 .  
r a d i a n c e s  f o r  u = -1 are shown i n  F i g .  7 .  The cu rves  are  t h e  same 
f o r  a l l  s u r f a c e  a l b e d o s ,  s ince  ve ry  l i t t l e  r a d i a t i o n  can p e n e t r a t e  
t o  t h e  s u r f a c e  and back t o  space w i t h  t h e  s t r o n g  ozone a b s o r p t i o n .  
The curve  i s  ve ry  s i m i l a r  t o  t h e  r e f l e c t e d  r a d i a n c e  c u r v e l l  f o r  l a r g e  
T and a s i n g l e  s c a t t e r i n g  albedo w % 0 . 4 .  
The r e f l e c t e d  
0 
0 
The t r a n s m i t t e d  rad iance  i s  shown i n  F ig .  8 .  There is a v a r i a t i o n  
wi th  s u r f a c e  a lbedo  as an a p p r e c i a b l e  f r a c t i o n  of t h e  r a d i a t i o n  t h a t  
r e a c h e s  t h e  s u r f a c e  i s  s c a t t e r e d  by t h e  lower a tmospher ic  l a y e r s  
i n t o  t h e  downward d i r e c t i o n  once a g a i n .  
of s c a t t e r i n g  f o r  l a r g e  T and a s i n g l e  s c a t t e r i n g  a lbedo  w % 0 . 4 .  There 
are  f a i r l y  l a r g e  f l u c t u a t i o n s  i n  o u r  r e s u l t s  f o r  bo th  t h e  r e f l e c t e d  and 
t r a n s m i t t e d  r a d i a n c e  because of  t h e  small numer ica l  v a l u e s  ( i n d i c a t i n g  
a small number of pho tons ) .  
i s  w e l l  e s t a b l i s h e d  and t h e  small numerical  v a l u e s  a r e  i n  themselves  
impor t an t .  
These cu rves  are a g a i n  t y p i c a l  
0 
However, t h e  g e n e r a l  t r e n d  of t h e  cu rves  
The r e f l e c t e d  r ad iance  f o r  p0 = - 0 . 1  i s  shown i n  F i g .  9 .  The 
same g e n e r a l  remarks  app ly  here  a s  f o r  t h e  case of u -1. The t r a n s -  
m i t t e d  r a d i a n c e  is  t o o  small t o  c a l c u l a t e .  
0 
Radiance a t  0.27~ 
A t  0 . 2 7  1-1 t h e  ozone abso rp t ion  c o e f f i c i e n t  i s  l a r g e r  t h a n  e i t h e r  t h e  
Rayle igh  or a e r o s o l  a t t e n u a t i o n  c o e f f i c i e n t  a t  a l l  a l t i t u d e s .  
t h e  Rayle igh  a t t e n u a t i o n  c o e f f i c i e n t  i s  l a r g e r  t h a n  t h e  a e r o s o l  c o e f f i c i e n t  
In  t u r n  
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a t  a l l  a l t i t u d e s  above 1 km. 
i s  7 3 . 2 5 .  The r e f l e c t e d  r a d i a n c e  f o r  u = -1 and - 0 . 1  is shown i n  
F i g s .  7 and 9.  
The o p t i c a l  t h i c k n e s s  of  t h e  atmosphere 
0 
When t h e r e  i s  Rayleigh s c a t t e r i n g  and s t r o n g  a b s o r p t i o n ,  t h e  r e f l e c t e d  
r a d i a n c e  i s  1 0  times as l a r g e  a t  t h e  h o r i z o n  as  a t  t h e  n a d i r  when 
= - 0 . 1  ( F i g .  91, b u t  less t h a n  twice as l a r g e  when u -1 ( F i g .  7 ) .  u0 0 
The r e a s o n  i s  t h a t  t h e  f i r s t  c o l l i s i o n  of  t h e  photon o c c u r s  on t h e  
average  a t  t h e  same o p t i c a l  depth  a s  measured a l o n g  t h e  j -ncident  p a t h  
f o r  any a n g l e  o f  i n c i d e n c e .  Thus t h e  first c o l l i s i o n  i s  on t h e  average  
1 0  times n e a r e r  t h e  s u r f a c e  when p = - 0 . 1  t h a n  when u = -1. The 
s c a t t e r e d  p a r t i c l e  e m i t t e d  according t o  t h e  Rayleigh s c a t t e r i n g  f u n c t i o n  
i s  on t h e  average  n e a r  an o p t i c a l  depth  of 0 . 1  when T = 0 . 1 ;  when i t  
i s  e m i t t e d  upward it can escape frorn t h e  atmosphere a t  most a n g l e s  
w i t h o u t  undergoing f u r t h e r  s c a t t e r i n g  e v e n t s .  Thus, t h e  a n g u l a r  d i s t r i -  
b u t i o n  i s  p r o p o r t i o n a l  t o  t h e  Rayleigh s c a t t e r i n g  f u n c t i o n  d i v i d e d  by 
11 ( g e o m e t r i c a l  f a c t o r ) .  
s c a t t e r i n g ,  bu t  t h e r e  i s  s t i l l  a s t r o n g  v a r i a t i o n  of  t h e  r e f l e c t e d  
r a d i a n c e  with u. On t h e  o t h e r  hand whenp = -1, t h e  f i rs t  c o l l i s i o n  
i s  on t h e  average  n e a r  T = 1. Only photons s c a t t e r e d  backward toward 
t h e  z e n i t h  d i r e c t i o n  can escape from t h e  atmosphere w i t h  an  a p p r e c i a b l e  
p r o b a b i l i t y  wi thout  f u r t h e r  s c a t t e r i n g  e v e n t s .  
o t h e r  d i r e c t i o n s  have a high p r o b a b i l i t y  of undergoing f u r t h e r  s c a t t e r i n g  
e v e n t s .  
of t h e  r e f l e c t e d  r a d i a n c e  with u .  
0 0 
This is  modif ied n e a r  t h e  hor izon  by m u l t i p l e  
0 
Photons s c a t t e r e d  i n t o  
The r e s u l t a n t  m u l t i p l e  s c a t t e r i n g  g r e a t l y  reduces  t h e  v a r i a t i o n  
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I -  
I .  
Radiance a t  1.67~ 
The Rayleigh s c a t t e r i n g  is only  of  minor importance a t  1.67~. 
The a e r o s o l  a t t e n u a t i o n  c o e f f i c i e n t  i s  l a r g e r  t h a n  t h e  Rayle igh  below 
8 km and above 1 5  km when the  El terman a e r o s o l  d i s t r i b u t i o n  i s  used .  
There i s  no ozone a b s o r p t i o n .  
is 0.123. The ref lected and t r a n s m i t t e d  r a d i a n c e  f o r  p = -1 i s  
shown i n  F i g .  1 0 .  T w o  d i f f e r e n t  f a c t o r s  i n  t h e s e  c u r v e s  are  c h a r a c t e r i s t i c  
of s c a t t e r i n g  p r i m a r i l y  from a n  a e r o s o l  (Haze C) r a t h e r  t h a n  from a 
Rayle igh  s c a t t e r i n g  func t ion"  : (1) t h e  l a r g e  v a r i a t i o n  i n  t h e  r e f l e c t e d  
r a d i a n c e  as A v a r i e s  from 0 t o  1; ( 2 )  t h e  i n c r e a s e  i n  t h e  t r a n s m i t t e d  
r a d i a n c e  n e a r  t h e  z e n i t h  due t o  numerous small a n g l e  c o l l i s i o n s .  
The o p t i c a l  t h i c k n e s s  of t h e  atmosphere 
0 
The r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e s  f o r  1-1 = - 0 . 1  are shown 
0 
i n  F i g .  11. The f o l l o w i n g  f a c t o r s  i n  t h e s e  c u r v e s  are c h a r a c t e r i s t i c  
of  s c a t t e r i n g  p r i m a r i l y  from a n  a e r o s o l  (Haze C> r a t h e r  t h a n  from a 
Rayle igh  s c a t t e r i n g  f u n c t i o n l o :  
t r a n s m i t t e d  racl i ; rncps arp cons idprahly  g r e a t e r  c~ +he ~ c l i r  h c r i y c ~  t h ; i ~  
on t h e  a n t i s o l a r  hor izon;  ( 2 )  t h e  r e f l e c t e d  r a d i a n c e  f o r  A = 0 v a r i e s  
by s e v e r a l  o r d e r s  of magnitude from t h e  s o l a r  hor izon  t o  t h e  n a d i r ;  
( 3 )  t h e  r e f l e c t e d  r a d i a n c e  f o r  A = 1 is n e a r l y  c o n s t a n t  from t h e  a n t i s o l a r  
hor izon  t o  t h e  n a d i r ;  ( 4 )  t h e  r e l a t i v e l y  small v a r i a t i o n  o f  t h e  t r a n s m i t t e d  
r a d i a n c e  w i t h  a lbedo  p a r t i c u l a r l y  from t h e  s o l a r  hor izon  t o  t h e  z e n i t h .  
(1) f o r  a l l  a lbedos  t h e  r e f l e c t e d  and 
Mean O p t i c a l  Pa th  
The mean o p t i c a l  p a t h  of b o t h  t h e  r e f l e c t e d  and t r a n s m i t t e d  photons 
i s  g i v e n  i n  Table  I .  The r e f l e c t e d  mean o p t i c a l  p a t h  i s  lower a t  0 . 2 7 ~  
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t h a n  a t  0 . 3 0 ~  s i n c e  t h e  ozone a b s o r p t i o n  i s  much s t r o n g e r  a t  t h e  
former  wavelength.  A s  t h e  wavelength i n c r e a s e s  t h e  r e f l e c t e d  mean 
o p t i c a l  p a t h  d e c r e a s e s  as the o p t i c a l  t h i c k n e s s  of t h e  atmosphere 
d e c r e a s e s .  The s l i g h t  r e l a t i v e  i n c r e a s e  a t  1.67~ is  due t o  t h e  
predominance of a e r o s o l  s c a t t e r i n g  a t  t h i s  wavelength.  For comparison 
t h r e e  d i f f e r e n t  v a l u e s  a r e  l i s t e d  a t  0.70~: (1) with  ozone a b s o r p t i o n  
and El terman a e r o s o l  d i s t r i b u t i o n ;  ( 2 )  no ozone a b s o r p t i o n  and El terman 
d i s t r i b u t i o n ;  ( 3 )  no ozone a b s o r p t i o n  and Kondrat iev d i s t r i b u t i o n .  
The t r a n s m i t t e d  mean o p t i c a l  p a t h  d e c r e a s e s  uni formly  w i t h  wavelength.  
F lux  
The f l u x  a t  t h e  lower boundary when A = 0 (normal ized  t o  u n i t  
i n c i d e n t  f l u x )  is g iven  i n  Table I .  The t a b u l a t e d  f l u x  i n c l u d e s  t h e  
i n c i d e n t  beam. The f l u x  i n c r e a s e s  uni formly  w i t h  wavelength for t h e  
v a l u e s  t a b u l a t e d  h e r e .  It is de termined  p r i m a r i l y  by t h e  s t r o n g  ozone 
a h s o r p t i o n  i n  the u l t r a v i o l e t  and t h e  r a p i d l y  d e c r e a s i n g  importance 
o f  Rayleigh s c a t t e r i n g  a s  t h e  wavelength i n c r e a s e s .  
w i th  a n g l e  is i n t e r e s t i n g .  
when 1-1 
The v a r i a t i o n  
For example, a t  1.67~ t h e  f l u x  i s  0.9837 
= -1, b u t  is only 0.6811 when u0 = -0 .1 .  
0 
P l a n e t a r y  Albedo 
The p l a n e t a r y  a l b e d o  is  g i v e n  i n  Table  I both  f o r  a s u r f a c e  a lbedo  
A 0 and A = 0.8.  When A = 0 ,  t h e  sum of t h e  p l a n e t a r y  a lbedo  and t h e  
f l u x  a t  t h e  lower boundary is u n i t y  provided  t h a t  t h e r e  i s  no a b s o r p t i o n .  
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T h i s  may be v e r i f i e d  a t  t h e  wavelengths where t h e r e  i s  no ozone a b s o r p t i o n .  
When !-io = -1 and A = 0 ,  t h e  maximum p l a n e t a r y  a l b e d o  i s  0.180 a t  0.40~; 
when p0 = - 0 . 1  and A = 0 ,  t h e  maximum p l a n e t a r y  a l b e d o  i s  0 . 5 9 9  a l s o  a t  
0 . 4 0 ~ .  When A = 0 . 8 ,  t h e  p l a n e t a r y  a l b e d o s  a t  a g i v e n  p show l i t t l e  
v a r i a t i o n  between 0 .4 ,  0 . 7 ,  and 1.67~. 
t h e  wavelengths  w i t h  s t r o n g  ozone a b s o r p t i o n .  
i n c r e a s e s  a p p r e c i a b l y  i n  t h e  v i s i b l e  and i n f r a r e d  as t h e  solar i n c i d e n t  
a n g l e  approaches  t h e  h o r i z o n .  
0 
They are  s t i l l  v e r y  small a t  
The p l a n e t a r y  a l b e d o  
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Table I .  
Mean o p t i c a l  p a t h ,  f l u x  a t  lower boundary and p l a n e t a r y  a l b e d o .  
Wavelength O p t i c a l  
(lJ 1 Thickness  
0.27 73.25 1 
0.30 4.97 1 
0.40 0.577 1 
0.70 0.217l 1 
0.70 0.14332 1 
0.70 0.14333 1 
1.67 0.123 1 
0.27 73.25 0.1 
0.30 4.97 0.1 
C ) . ' ! C  0.577 0.1 
0.70 0.14332 0.1 
1.67 0.123 0.1 
R e f l e c t e d  Transmi t ted  F lux  a t  Albedo Albedo 
mean o p t i c a l  mean o p t i c a l  lower of  p l a n e t ,  of p l a n e t ,  
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Legends for F i g u r e s  
F i g .  1. S c a t t e r i n g  f u n c t i o n  as a f u n c t i o n  of  s c a t t e r i n g  a n g l e  f o r  
Haze C model a t  a wavelength of 0 .4 ,  0 . 7 ,  and 1.67~. The 
i n s e t  i n  t h e  upper  l e f t  shows t h e  f u n c t i o n  nea r  O o .  
Ref lec t ed  and t r a n s m i t t e d  r a d i a n c e  a t  t h e  t o p  and bottom 
r e s p e c t i v e l y  of t h e  e a r t h ' s  a tmosphere f o r  a wavelength of 
0.71.1 as a f u n c t i o n  of t h e  c o s i n e  of  t h e  z e n i t h  a n g l e  (u) 
f o r  a n  i n c i d e n t  solar a n g l e  whose c o s i n e  P = -1. Curves a r e  
g iven  f o r  v a r i o u s  s u r f a c e  a l b e d o s  A and f o r  t h e  a e r o s o l  d i s -  
t r i b u t i o n s  of Elterman6 and Kondrat iev e t  a17. 
dep th  T o f  t h e  atmosphere i s  0.1433. A l l  r a d i a n c e  v a l u e s  i n  
t h i s  paper  are  normalized t o  u n i t  i n c i d e n t  f l u x .  
F i g .  2 .  
0 
The o p t i c a l  
F i g .  3 .  Upward r a d i a n c e  f o r  a wavelength of  0 . 7 ~  and A 0 a t  
v a r i o u s  h e i g h t s  i n  t h e  atmosphere cor responding  t o  T = 0 
( t o p  of  a tmosphere) ,  0 . 0 0 5 ,  0 . 0 1 ,  0 . 0 2 ,  and 0 . 0 5 .  Curves 
are  g iven  f o r  t h e  a e r o s o l  d i s t r i b u t i o n s  o f  El terman6 and 
Kondrat iev e t  a17. 
of t h e  f i g u r e  is  for A = 0 . 4  and h e i g h t  cor responding  t o  
T = 0.005,  0 . 0 1 ,  0 . 0 2 ,  0 . 0 5 ,  and 0.1433 ( s o l i d  c i r c l e s ) .  
The downward r a d i a n c e  on t h e  r i g h t  s i d e  
F ig .  4 .  The r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  a t  t h e  t o p  and bottom 
r e s p e c t i v e l y  o f  t h e  e a r t h ' s  atmosphere for a wavelength of 
0.711 and v0 = -0 .1 .  
a lbedos  A .  The Elterman a e r o s o l  d i s t r i b u t i o n  i s  used .  The 
s o l a r  ho r i zon  i s  on t h e  l e f t  o f  a l l  g r a p h s ,  t h e  z e n i t h  or 
n a d i r  i s  a t  t h e  c e n t e r ,  and t h e  a n t i s o l a r  hor izon  a t  t h e  r i g h t .  
The r a d i a n c e  for each P i n t e r v a l  has  been averaged  over  a l l  
azimuth a n g l e s  wi th in  90° o f  t h e  i n c i d e n t  p l ane .  
Curves are g iven  f o r  v a r i o u s  s u r f a c e  
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F i g .  5 .  R e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  f o r  a wavelength of 0 . 4 ~  
and Po = -1. 
a e r o s o l  d i s t r i b u t i o n  i s  used .  Curves are g i v e n  f o r  v a r i o u s  
s u r f a c e  a l b e d o s  A .  
The o p t i c a l  d e p t h  T = 0.577. The El terman 
F i g .  6. R e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  f o r  a wavelength of  0.41.1 
and p0 = - 0 . 1  and t h e  El terman a e r o s o l  d i s t r i b u t i o n .  
c a p t i o n  t o  F ig .  4. 
See 
F i g .  7.  R e f l e c t e d  r a d i a n c e  for a wavelengths of 0 . 3 0 ~  and 0 . 2 7 ~  and 
u0 = -1. 
wavelengths r e s p e c t i v e l y .  The c u r v e s  a r e  t h e  same fox. a l l  
s u r f a c e  a l b e d o s .  See c a p t i o n  t o  F i g .  5 .  
The o p t i c a l  depth  T = 4.97 and 73.25 a t  t h e  two 
F i g .  8 .  Transmi t ted  r a d i a n c e  fori a wavelength of 0 . 3 0 ~  and 1-1 = -1. 
0 
See c a p t i o n  t o  Fig.  5. 
F i g .  9 .  R e f l e c t e d  r a d i a n c e  f o r  wavelengths  of 0.301-1 and 0 . 2 7 ~  and 
= -0 .1 .  The curves are t h e  same f o r  a l l  s u r f a c e  a l b e d o s .  % 
See c a p t i o n  t o  F i g .  4 .  
R e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  f o r  a wavelength of 1 . 6 7 ~ 1  
and p = -1. See c a p t i o n  t o  F i g .  5 .  
R e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e  for a wavelength of 1 . 6 7 ~  
and LI = -0 .1.  See c a p t i o n  t o  F i g .  4.  
F ig .  1 0 .  
0 
F i g .  11. 
0 
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